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21. Introduction
Driven by applications in microfluidics there has been much recent interest in
understanding the friction properties of superhydrophobic surfaces [1, 20, 14, 12, 23].
Typically, these are no-slip surfaces endowed with additional microstructural features
such as grooves or holes which, in the so-called Cassie state [19], are occupied by pockets
of gas rather than being liquid-filled (as in the Wenzel state). The gas-liquid interfaces,
or “bubble” surfaces, spanning the edges of the no-slip surface usually allow some degree
of slip. As a result, superhydrophobic surfaces have been observed to reduce fluid drag in
microchannels [16, 17, 10]. The drag reduction has strong dependence on the geometry
and local slip properties of the gas-liquid interfaces of which the surface is made up [22].
It has therefore become a matter of great practical importance to quantify these slip
properties.
The focus of this paper is a class of superhydrophobic surfaces possessing a periodic
array of unidirectional grooves or bubbles; see Figure 1 where the case of longitudinal
shear flow (i.e., flow along the grooves) is indicated. Suppose the cross-section of some
superhydrophobic surface has mean height along the plane y = 0. For general linear
shear flows with shear rate γ˙ over such a surface the velocity field far from the plane of
the surface takes the form
u = γ˙(y + λ)xˆ, (1)
where xˆ is the flow direction. The constant λ is known as the effective slip length and is
a measure of the frictional properties of the surface: it is the fictional distance below the
surface at which the shear flow would extrapolate to zero. It is an important quantifier
of the slip properties of the surface [11]. The slip lengths for longitudinal flow and
tranverse flow (i.e., flow across the grooves) are generally very different.
In this paper we are concerned with a theoretical study of the problem of linear
shear flow over an array of unidirectional grooves each of width 2 and periodic in the x-
direction with period 2l for l > 1. The grooves are spanned by liquid-gas interfaces that
are circular arcs with protrusion angle θ into the liquid and there are no-slip surfaces
between these free surfaces. Such a surface is sometimes called a unidirectional bubble
mattress [6, 3]. Numerical calculations of the slip lengths associated with such bubble
mattresses have been performed by Teo & Khoo [25] (who used a finite element method)
and Ng & Wang [15] (who used a semi-analytical method based on a collocation scheme).
The latter authors found the effective slip lengths, for both transverse and longitudinal
flow, for arbitrary θ, for arbitrary area fractions δ = 1/l, and allowing for partial slip on
the liquid-gas interface. This means that for longitudinal flow the boundary condition
on the liquid-gas interface is
w = µ
∂w
∂n
, (2)
where w(x, y) is the axial velocity, ∂/∂n denotes a surface normal derivative and µ is the
so-called Navier slip parameter. When µ = 0 the interface is a no-slip surface; µ = ∞
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Figure 1. Longitudinal flow along a unidirectional bubble mattress.
corresponds to a no-shear surface and the boundary condition (2) becomes
∂w
∂n
= 0. (3)
For the latter case of no-shear conditions on the bubble surfaces a complete analytical
characterization of the effective slip properties of such surfaces is known in the dilute
limit. Written with the same normalizations used by Ng & Wang [15], Davis & Lauga
[6] derived the explicit formula
λ⊥ = M(θ) = piδ2
∫ ∞
0
A(s, θ)ds, (4)
for the transverse slip-length with no-shear on the bubbles where
A(s, θ) =
s
sinh 2s(pi − θ) + s sin 2θ ×
[
cos 2θ +
s sin 2θ cosh spi + sinh s(pi − 2θ)
sinh spi
]
, (5)
where δ is assumed to be small. For longitudinal shear flow with boundary condition
(3) on the bubbles, again in the dilute limit, the author [3] has derived the explicit slip
length formula
λ|| = N(θ) =
piδ2
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[
3pi2 − 4piθ + 2θ2
(pi − θ)2
]
, (6)
where δ is again assumed to be small. To obtain (6) the boundary condition on the
liquid-gas interface is taken to be (3). Armed with (5) and (6) the slip length of any
linear shear over the surface can be determined as a linear combination of the transverse
and longitudinal results. Ng & Wang [15] made use of the analytical results (4) and (6)
to check their numerical calculations in the dilute limit. Sbragaglia & Prosperetti [21]
have carried out a perturbation analysis to find the slip properties for longitudinal flow
over close-to-flat bubble profiles (i.e., θ ≈ 0) in channels. Other theoretical work where
slip lengths have been calculated in various settings appears in [18, 13, 2, 21].
It is important to be clear about the distinction between the Navier slip-parameter,
denoted here by µ, and the effective slip-length, denoted here by λ. The parameter
µ in (2) is sometimes called the intrinsic or microscopic slip [15] and is associated
with local physico-chemical properties of the surface (e.g., hydrophobicity of the surface
4due to some chemical treatment). The effective slip length, on the other hand, is
a more global macroscopic quantity characterizing the gross slip behaviour of a fluid
over a heterogeneous surface with patterning, grooves, free spanning surfaces and other
assorted local features. Finding the effective slip length as a function of the local slip
properties is generally a challenging task since it depends on the nature and geometry
of the surface features. Returning to circular, unidirectional bubble mattresses, in the
important special case θ = 90o, Ng & Wang [15] give empirical polynomial fits (to
their numerical data) for the effective longitudinal slip lengths in the two limiting cases
µ =∞ and µ = 0:
λ∞Ng+Wang = −0.40δ + 8.93δ2 − 46.74δ3 + 134.28δ4 − 173.88δ5 + 86.56δ6, (7)
λ0Ng+Wang = −0.005δ − 1.72δ2 + 0.85δ3, (8)
where superscripts denote the relevant µ-value.
The purpose of the present paper is to describe a new, quasi-analytical approach
to solving for the longitudinal slip length when θ = 90o for arbitrary δ and µ. Thus,
for the case θ = 90o, we extend the result (6) beyond the dilute limit and to the case
of partial slip on the interface (i.e., arbitrary µ). Our analysis gives results for all area
fractions δ in the form of the solution of a simple linear system of small size thereby
obviating the need for finite element or boundary element methods. The method here
is also very different to the collocation method used by Ng & Wang [15]. Our approach
is general and can be applied to many other flow scenarios.
As a useful side-product we find new explicit approximation formulas for the
longitudinal slip lengths:
λµapprox =
3αδ(µ− 1)
α2(1− µ) + 3(1 + µ) , α =
piδ
2
. (9)
This compact formula gives excellent agreement to the actual slip length values for δ
approximately in the range δ ∈ [0, 0.9]. Notice that (9) is a function of both the local
Navier slip parameter µ and the area fraction δ; the formula therefore both unifies and
extrapolates the empirical formulas (8) to arbitrary 0 ≤ µ <∞.
From a mathematical perspective our results have additional interest in showcasing
a new, flexible constructive solution method for problems of this type: the bubble
mattress problem is solved by means of a novel transform technique recently derived by
the author [4, 5]. The approach is very general and offers a way to solve boundary value
problems for harmonic fields in multiply connected circular domains, i.e., domains whose
boundaries are circular arcs and straight lines. The transform method formulated in
[4, 5] is an extension (to circular, multiply connected domains) of a transform approach
to harmonic boundary value problems in convex polygons first presented by Fokas &
Kapaev [8]. All these transform techniques fit into a much broader collective known as
the unified transform method pioneered by A. S. Fokas [7] (often called the Fokas method)
and which applies not only to linear boundary value problems but also to initial value
problems for nonlinear integrable partial differential equations.
5As a matter of fact, the bubble mattress problem, in the special case µ = ∞, is
included in [5] to illustrate the scope of the general method described there. The present
paper shows how to generalize that example study to incorporate boundary condition
(2) for arbitrary µ ≥ 0 corresponding to differing degrees of partial slip on the interface.
2. Mathematical formulation
Let the axial (longitudinal) velocity be w(x, y) so that in Cartesian coordinates
u = (0, 0, w(x, y)). (10)
It is convenient to rotate by 90o the view given in Figure 1 and to assume that the flow
takes place in the right half channel region x > 0,−l < y < l (with l > 1) exterior to
the unit disc |z| < 1 as shown in Figure 2 where the periodic array of bubbles now sits
along the y-axis. In the absence of a pressure gradient, w(x, y) is harmonic in the flow
region and it is convenient to introduce the complex potential
h(z) = χ+ iw, (11)
where χ is the harmonic conjugate to w. The boundary conditions on the edges of the
period window are that
χ =
{
−c, y = −l,
c, y = l,
(12)
with no-slip on the solid surface,
w = 0, x = 0, 1 < |y| < l, (13)
and a Navier slip condition on the circular bubble interface,
w = µ
∂w
∂n
, |z| = 1, (14)
where µ > 0 is the Navier slip parameter.
The boundary condition (13) allows us, by the Schwarz reflection principle, to
analytically continue the function w(z) into the full channel region −l < y < l exterior
to the unit disc |z| < 1. Let this doubly connected circular region be denoted by D as
shown in Figure 3.
We decompose h(z) in the form
h(z) = iz + iλ coth
[piz
2l
]
+H(z), (15)
where H(z) and the slip length λ are to be determined. Provided that the function H(z)
is analytic and single-valued in D, and decaying as |z| → ∞, then (15) is consistent
with the required far-field shear (28) or, in this case,
w → x+ λ, as x→∞, (16)
where we have set the far-field shear rate to be unity.
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Figure 2. Typical period window of half-period l for longitudinal shear flow past
a unit radius bubble protruding with angle θ = 90o and exhibiting partial slip with
Navier slip coefficient µ. The area fraction δ = 1/l is the fraction of the period cell
occupied by the protruding bubble.
We can deduce some more properties of H(z). Since, by the flow symmetry, on
z¯ = z, we have χ = 0 then
Re[h(z)] = 0 = Re[H(z)] (17)
and we deduce that
H(z) = −H(z). (18)
This relation holds off the line z¯ = z by analytic continuation. Furthermore, from (13),
on z = −z outside the bubble we also have w = 0 so that
0 = H(z)−H(z) = H(z)−H(−z) = H(z) +H(−z), (19)
where we have used (18), which implies that H(z) is odd, i.e.,
H(−z) = −H(z). (20)
Again, this relation holds off the line z¯ = −z by analytic continuation.
It is convenient to rewrite the Navier slip condition (14) in terms of the complex
potential w(z). Now
∂w
∂n
= ∇w.n = Re
[(
∂w
∂x
− i∂w
∂y
)
z
]
, (21)
where z is the complex unit normal to the unit circle. But
∂w
∂x
− i∂w
∂y
= 2
∂w
∂z
= 2
∂
∂z
[
h(z)− h(z)
2i
]
= −ih′(z), (22)
so the complex form of the normal derivative is
∂w
∂n
7→ Re[−izh′(z)] = Im[zh′(z)]. (23)
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Figure 3. The extended channel region D where H(z) is single-valued and analytic.
The transform analysis is carried out for z ∈ D.
The boundary condition on the circular interface |z| = 1 is then
Im[h(z)− µzh′(z)] = 0. (24)
This implies, on substitution of (15), that on |z| = 1,
Im[H(z)− µzH ′(z)] = Im[R(z)] + λIm[S(z)], (25)
where
R(z) ≡ −i(1− µ)z, S(z) ≡ −
[
i coth
[piz
2l
]
+
iµpiz
2l
cosech2
[piz
2l
]]
. (26)
On y = −l, where z = z + 2il, the boundary condition (12) implies
iz + iλ coth
[piz
2l
]
+H(z)− i(z + 2il)− iλ coth
[
pi(z + 2il)
2l
]
+H(z + 2il) = −2c (27)
which, by the periodicity of the coth function and use of (18), yields
H(z)−H(z + 2il) = −2(c+ l). (28)
On y = l, where z = z − 2il, the boundary condition (12) implies
iz + iλ coth
[piz
2l
]
+H(z)− i(z − 2il)− iλ coth
[
pi(z − 2il)
2l
]
+H(z − 2il) = 2c (29)
which, on letting z 7→ z + 2il, produces the same result (28). Since we require H(z) to
decay as |z| → ∞ (28) implies that c = −l. Hence H(z) is 2il periodic:
H(z) = H(z + 2il). (30)
3. Integral transform representation
We now summarize the results of [5] where transform pairs are derived that are specially
tailored to multiply connected circular geometries like the disc-in-channel geometry D
arising here. This new transform method will be used to solve the boundary value
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Figure 4. The contours L1, L2 and L3 for circular edges. We must pick 0 < r < 1.
problem for H(z) stated in §2. The following calculation is a generalization of a similar
one featured in [5].
It is established in [5] that we can write the following integral transform
representation of the required H(z) for z ∈ D:
H(z) =
1
2pi
∫ ∞
0
ρ11(k)e
ikzdk +
1
2pi
∫ −∞
0
ρ33(k)e
ikzdk (31)
− 1
2pii
{∫
L1
ρ22(k)
1− e2piik
1
zk+1
dk +
∫
L2
ρ22(k)
1
zk+1
dk +
∫
L3
ρ22(k)e
2piik
1− e2piik
1
zk+1
dk
}
,
where {Lj|j = 1, 2, 3} are the contours shown in Figure 4. The three so-called spectral
functions are defined to be
ρ11(k) =
∫ +∞−il
−∞−il
H(z)e−ikzdz, ρ22(k) = −
∮
|z|=1
H(z)zkdz, (32)
and
ρ33(k) =
∫ −∞+il
∞+il
H(z)e−ikzdz. (33)
There are other elements of the so-called spectral matrix which are given by
ρ21(k) =
∫ +∞−il
−∞−il
H(z)zkdz, ρ23(k) =
∫ −∞+il
∞+il
H(z)zkdz, (34)
and
ρ12(k) = ρ32(k) = −
∮
|z|=1
H(z)e−ikzdz, (35)
and ρ31(k) = ρ11(k) and ρ13(k) = ρ33(k).
All these spectral functions have special analytical structure, and this can be
exploited to determine those spectral functions. This analytical structure is encoded
9in the so-called global relations which can be stated as follows:
ρ11(k) + ρ12(k) + ρ13(k) = 0, k ∈ R, (36)
ρ31(k) + ρ32(k) + ρ33(k) = 0, k ∈ R, (37)
and
ρ21(k) + ρ22(k) + ρ23(k) = 0, k ∈ −N. (38)
The global relations (37) and (38) can be analyzed to find the unknown spectral
functions. Once found, they can be substituted into (31) to give an integral
representation of the sought-after H(z).
4. Solving for the spectral functions
We now show how to analyze the global relations to determine the spectral functions.
Each of the two global relations (36) and (37) is equivalent to the statement∫ ∞
−∞
H˜(x)e−ikx
[
e−kl − ekl] dx− ∮
|z|=1
e−ikzH(z)dz = 0, k ∈ R, (39)
where we have defined
H˜(x) ≡ H(x− il) (40)
and made use of the periodicity property (30). The global relation (38) is equivalent to∫ ∞
−∞
H˜(x)
[
1
(x− il)k −
1
(x+ il)k
]
dx−
∮
|z|=1
H(z)
dz
zk
= 0, k ∈ N. (41)
On y = −l we know that
Re[h(z)] = l. (42)
On substitution of (15) we find that, on this boundary,
Re[H(z)] = 0. (43)
Therefore, on y = ±l, by the periodicity, we will write
H˜(x) = iΨ(x) (44)
for some real function Ψ(x) to be determined. On the other hand, on |z| = 1, we write
H(z) = i
∑
n≥1
{
anz
2n−1 +
bn
z2n−1
}
(45)
for some real coefficients {an, bn ∈ R} to be found. The ansatz (45) satisfies (18) and
(20).
(39) can be written as
−2 sinh(kl)H(k) = B(k), (46)
where
H(k) ≡
∫ ∞
−∞
iΨ(x)e−ikxdx (47)
10
is recognized as the standard Fourier transform of iΨ(x) and
B(k) ≡
∮
|z|=1
H(z)e−ikzdz. (48)
It follows that
H(k) = − B(k)
2 sinh(kl)
. (49)
From an inverse Fourier transform we find
iΨ(x) = − 1
2pi
∫ ∞
−∞
B(k)
2 sinh(kl)
eikxdk. (50)
It is clear that we must insist that
B(0) = 0 (51)
in order to remove the singularity at k = 0 of the integrand of (50).
Now (41) implies that, for n ≥ 1,∮
|z|=1
H(z)
zn
dz =
∫ ∞
−∞
iΨ(x)
[
1
(x− il)n −
1
(x+ il)n
]
dx. (52)
But it is easy to show, on use of (45), that∮
|z|=1
H(z)
z2n
dz = −2pian. (53)
Hence (52) implies
an = − 1
2pi
∫ ∞
−∞
iΨ(x)
[
1
(x− il)2n −
1
(x+ il)2n
]
dx. (54)
On substitution of (50) into (54) we find
an =
∫ ∞
−∞
I(k)
[
B(k)
2 sinh(kl)
]
dk, (55)
where
I(k) ≡ 1
4pi2
∫ ∞
−∞
eikx
[
1
(x− il)2n −
1
(x+ il)2n
]
dx. (56)
An exercise in residue calculus reveals that
I(k) =

ie−kl(ik)2n−1
2pi(2n− 1)! , k > 0,
iekl(ik)2n−1
2pi(2n− 1)! , k < 0.
(57)
On substitution of (57) into (55), and after a change of integration variable so that all
integrals are over the positive real k-axis, (55) becomes
an =
i
2pi
∫ ∞
0
e−kl(ik)2n−1
(2n− 1)!
[
B(k) +B(−k)
2 sinh(kl)
]
dk, n ≥ 1. (58)
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But
B(k) =
∮
|z|=1
e−ikzH(z)dz =
∮
|z|=1
ie−ikz
∑
m≥1
[
amz
2m−1 +
bm
z2m−1
]
dz (59)
= −2pi
∑
m≥1
bm(ik)
2m−2
(2m− 2)! , (60)
so that
B(k) +B(−k) = −4pi
∑
m≥1
bm(ik)
2m−2
(2m− 2)! . (61)
The system of equations (58) is therefore equivalent to
an =
∑
m≥1
Anmbm, n ≥ 1, (62)
where
Anm = −i
∫ ∞
0
e−kl
sinh(kl)
(ik)2(m+n)−3
(2m− 2)!(2n− 1)!dk. (63)
We have not yet imposed the Navier slip condition on |z| = 1. It implies additional
relations between the coefficients {an, bn|n ≥ 1}. Suppose that, on |z| = 1, R(z) and
S(z) have the Laurent expansions
R(z) =
∑
n≥1
rnz
2n−1 +
r−n
z2n−1
, S(z) =
∑
n≥1
snz
2n−1 +
s−n
z2n−1
. (64)
These coefficients can be found analytically from (26) or, more conveniently, they can
be readily computed by a Fast Fourier transform. On substitution into (25) and on
equating coefficients we find, for n ≥ 1,
ian(1− µ(2n− 1)) + ibn(1 + µ(2n− 1)) = rn − r−n + λ(sn − s−n). (65)
This implies
bn = −
[
1− µ(2n− 1)
1 + µ(2n− 1)
]
an + pn + λqn, n ≥ 1, (66)
where
pn =
rn − r−n
i(1 + µ(2n− 1)) , qn =
sn − s−n
i(1 + µ(2n− 1)) . (67)
On use of (66) to eliminate bn from (62) we find
an =
∑
m≥1
Anm
[
−
[
1− µ(2m− 1)
1 + µ(2m− 1)
]
am + pm + λqm
]
, (68)
for n ≥ 1. The additional condition (51) implies that
b1 = 0 (69)
and, hence, that
0 = −
[
1− µ
1 + µ
]
a1 + p1 + λq1. (70)
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Figure 5. Comparison of slip lengths, for µ = 0, 0.5, 5 and∞ and 0 < δ < 0.9 as given
by the transform method (solid lines) and by the approximations (9) (dashed lines).
The dashed lines are only detectable to the eye for µ =∞ and δ ∈ (0.8, 0.9) reflecting
the overall efficacy of the approximations (9). Crosses denote data points given by the
empirical fits (8) of [15] for µ = 0,∞.
In summary, the final linear system to be solved for the set of coefficients {an|n ≥ 1}
and λ is [
1− µ
1 + µ
]
a1 − λq1 = p1, (71)
an +
∑
m≥1
Cnmam − λ
∑
m≥1
Anmqm =
∑
m≥1
Anmpm, n ≥ 1 (72)
with
Cnm = Anm
[
1− µ(2m− 1)
1 + µ(2m− 1)
]
. (73)
Once {an|n ≥ 1} and λ are found, {bn|n ≥ 1} follow from (66).
5. Approximate slip length formulas
Numerical solutions of the linear system (71)-(72) reveal that, for area fractions δ in the
range [0, 0.9], the value of a1 is small compared to the other terms in (71). With this
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evidence, if we assume that a1 = 0 in (71) we find the following useful approximation
formula for λ:
λµapprox = −
p1
q1
= −
∮
|z|=1
(R(z)−R(1/z))dz∮
|z|=1
(S(z)− S(1/z))dz
. (74)
All contour integrals in this expression can be computed explicitly by the residue
theorem to give the result (9). For the cases µ = 0 and µ =∞ we find
λ0approx = −
3αδ
3 + α2
, α =
piδ
2
,
λ∞approx =
3αδ
3− α2 , α =
piδ
2
,
(75)
which are convenient alternatives to the empirical polynomial fits given in (8). For
µ = ∞ and δ  1 it can be checked that (75) retrieves the dilute result (6) when
θ = 90o. Figure 5 shows how the slip lengths given by formulas (75) (shown as solid
lines) compare to those given by the formulae (8) of Ng & Wang [15] (shown as dashed
lines). The two approximations are almost indistinguishable for δ in the range [0, 0.9]
with minor differences only emerging as µ→∞, and only at sufficiently large δ.
Figure 5 displays data for the two intermediate cases of partial slip with µ = 0.5
and µ = 5. Results of the full solution from the transform method together with the slip
length given by the approximation formula (9) are shown. Once again the approximation
is almost indistinguishable from the unapproximated value for area fractions δ in the
range [0, 0.9]. Finally, the solid curves in Figure 5 giving the values from the full
unapproximated solution of the system (71)-(72) agree very well with the empirical
fits (8) to numerical data from [15] for µ = 0,∞ across the full range δ ∈ [0, 0.9] lending
us confidence in the efficacy of our approach.
6. Discussion
The evidence of the previous section shows that the approximation formula (9) is a
concise and useful one for a broad range of area fractions (i.e., not just in the dilute
limit) and for all values of the Navier slip parameter 0 ≤ µ <∞.
On the other hand, if a calculation of the full unapproximated slip length values is
needed or preferred, the system (71)-(72) can be solved very easily using just a handful
of lines of code in MATLAB and with almost negligible computational effort. Indeed,
even for δ → 1− (i.e., the limit of closely packed bubbles) it was found that truncating
the linear system (71)-(72) with just 8 modes (so that the size of the linear system is
just 9-by-9) gives excellent accuracy (although for δ very close to unity the numerical
approximation eventually deteriorates as must be expected).
Our focus here has been on determining the effective slip lengths, but if values of
the axial velocity at points in the flow are needed, for example, these can be readily
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computed once the linear system (71)-(72) has been solved. With {an|n ≥ 1} and λ
determined, the coefficients {bn|n ≥ 1} follow from (66). This means that H(z) is known
on |z| = 1 from (45) so ρ22(k) can be found from (32), while ρ12(k) and ρ32(k) can be
computed from (35) with (37)-(38) then used to determine ρ11(k) and ρ33(k). Thus,
all three spectral functions ρ11(k), ρ22(k) and ρ33(k) appearing in the explicit integral
representation (31) for H(z) are known. Hence h(z) is computable.
Finite element methods [25], collocation methods based on eigenfunction expansions
[15] as well as lattice Boltzmann methods [10, 9] have all been deployed for the study of
the slip properties of superhydrophobic surfaces. The new transform approach of this
paper is distinct from these prior methods and, while not fully analytical since it involves
the solution of a small linear system (72), the method requires minimal computational
effort to find the effective slip lengths. Finally, the general method used in this paper
can be applied to mixed boundary value problems in a broad range of other circular
domain geometries [5].
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